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Abstract. The results of calculations of the phonon dispersion, the vibrational density of states and the
heat capacity of lithium tetraborate and lithium triborate crystals are presented. They are obtained in the
framework of a potential model that takes into account the non-equivalence of boron atoms in different
structural positions (BO3 and BO4 units). A symmetry analysis of the phonon modes at Γ point was
performed, and calculated frequencies are compared to experimental spectra. Analysis of Li contributions
to the vibrational density of states reveals that the Li-O bonds in both crystals are relatively weak. This
is in line with the experimentally observed high mobility of lithium ions at high temperatures. A good
agreement between calculated and measured heat capacities from the literature was obtained.

PACS. 61.50.Ah Theory of crystal structure, crystal symmetry; calculations and modeling – 12.39.Pn
Potential models – 65.40.Ba Heat capacity – 63.20.Dj Phonon states and bands, normal modes, and
phonon dispersion

1 Introduction

Due to their interesting characteristics (e.g., a negative
thermal expansion coefficient along the (001) direction,
and transparency in the UV-region) lithium tetraborate
(LTB) and lithium triborate (LBO) crystals are used as
materials for wave-guides [1], the 2th–5th YAG:Nd single
crystal laser harmonics generation [2–7] and thermolumi-
nescent dosimetry [8–10].

Despite the large number of experimental and theo-
retical studies of LTB and LBO crystals, the mechanism
of lithium ion dynamics as well as the behavior of the
phonon subsystem within a wide temperature range is still
not understood. The complexity of the crystal structures
of Li2B4O7 (space group I41cd, 52 atoms in the primitive
cell [11]) and of LiB3O5 (space group Pna2, 36 atoms in
the primitive cell [12]) makes it difficult to apply ab initio
methods, in particular for the calculation of dynamic prop-
erties. Thus, an alternative approach was to find an ap-
propriate classical potential model that can be used for
molecular dynamics calculations in order to simulate the
phonon spectra, the heat capacity, and also allows to in-
vestigate the migration of Li atoms.

This has been achieved in a recent study [13] where
we proposed a potential model for single crystals of
the Li2O-B2O3 system. In this approach two types of
boron atoms are distinguished with different hybridization
states, namely sp2 (in BO3), and sp3 (in BO4). The two
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types of boron, B1 and B2, are described with the same
mass but with different effective charges and parameters
for the B-O interaction potentials.

Based on this model, we present results for the phonon
dispersion, the vibrational density of states (VDOS) and
the temperature dependence of the heat capacity for
both Li2B4O7 and LiB3O5 crystals. The calculated re-
sults are compared with available experimental data from
the literature.

2 Calculation procedure

Our potential model is based on two- and three-body
interactions. The two-body interactions were treated
by means of the classical Buckingham potential and a
Coulomb term [14]

Uij = bij exp
(
− rij

ρij

)
+

qiqje
2

rij
(1)

were rij is the bond length between ions i and j; qie is
the charge of ion i. The Coulombic component was calcu-
lated under periodic boundary conditions using the Ewald
summation [15].

A harmonic potential [14] was chosen to describe
three-body interactions:

Uijk =
1
2
Aijk (Θijk − Θ0)

2
, (2)

where Aijk are constants determining the strength of the
interaction, Θijk is the angle between i-j and j-k bonds
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Fig. 1. The calculated phonon dispersion of LTB (a) and LBO (b) crystals.

and Θ0 is the equilibrium angle. The values of the param-
eters that appear in equations (1–2) have been optimized
for Li2B4O7 [13]. The calculations were performed using
the GULP code [14].

First we investigated the phonon dispersion within
the harmonic approximation by solving the standard
eigen-problem of the secular equation resulting from
the dynamical matrix. In the next step the vibrational
density of states of LTB and LBO was obtained. For
testing our potential model we calculated VDOS in two
ways. In the harmonic approach, the VDOS is calculated
as the sum of all vibrational states in the Brillouin
zone using a k-point grid of 20 × 20 × 20. The second
approach is based on linear response theory, where the
phonon density of states g(ν) can be obtained as Fourier
transform of the velocity autocorrelation function [16]:

g(ν) =
N∑

i=1

∞∫
0

〈
Vi(0)Vi(t)

〉
〈
Vi(0)2

〉 cos(2πνt)dt, (3)

where Vi(t) is the velocity of the ith atom computed at
each time step (every 1 fs) using the Verlet algorithm
and N is the total number of lithium, boron and oxy-
gen ions in the simulation box. The molecular dynamics
calculation was performed with a NPT-ensemble in con-
junction with the Nosé-Hoover [17] thermostat and the
Parrinello-Rahman [18] barostat. The computation box
contained 832 atoms (2×2×2 supercell) for Li2B4O7 and
432 atoms (2 × 2 × 3 supercell) for LiB3O5. The system
was allowed to evolve for 50 ps, the first 35 ps of which
were used for equilibration and were not included in the
results. The calculation was performed at a relatively low
temperature of 25 K because the Fourier transform of the
velocity autocorrelation function can be used only within
the validity range of the harmonic approximation [16].

In both cases g(ν) was normalized according to∞∫
0

g(ν)dν = 1. (4)

The projection of g(ν) onto atomic species (PVDOS) was
calculated from equation (3) where the summation was
only performed for the individual ions Li, B1, B2 and O.

The phonon specific heat of the LTB and LBO crystals
at constant volume was obtained from the corresponding
VDOS using the following relation [19]

Cv = kB

νmax∫
0

g(ν)

(
hν

kBT

)
exp(hν/kBT )

(1 − exp(hν/kBT ))2
dν, (5)

where kB is the Boltzmann factor, νmax is the high-
est frequency recorded in the g(ν) spectrum and T the
temperature.

3 Results and discussion

3.1 Phonon dispersion

Using group theory the following decomposition of the
normal vibration modes of Li2B4O7 [20] and LiB3O5 [21]
was obtained:

LTB: Γ = 19A1 + 19A2 + 19B1 + 19B2 + 40E
LBO: Γ = 29A1 + 27A2 + 26B1 + 26B2,

where one A1 and one E mode for LTB and three
A1 modes for LBO are acoustic.

The vibrational spectra of the Li2B4O7 and
LiB3O5 crystals were studied experimentally by Raman
and IR spectroscopy methods [20–26]. The superposition
of experimental spectra for Li2B4O7 [20,22–24] exhibit
a larger number of A1, B1, and B2 modes than theory
predicts. This is partly due to technical difficulties of
the measurements that lead to incomplete spectra. For
instance, A2 modes are completely unknown and only
34 E modes have been observed for the LTB crystal
instead of 40 as predicted by theory. This can be ex-
plained by the complexity of the spectra and by the small
intensity of the majority of modes. It is also possible that
local defect vibrations and overtones are present.

The phonon dispersion was calculated along the way
that contains the highest number of high-symmetry points
of the Brillouin zone [27], namely for LTB: M → Γ →
X → P → N , and for LBO: Z → U → X → S → R →
T → Y → Γ → Z. The results of our calculations are
shown in Figure 1.
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Table 1. The A1 modes of Li2B4O7 phonon spectra (cm−1). Lines that were described as diffuse in the literature are marked
by ‘d’.

N Calculated Exper. [20] Exper. [23] Exper. [24]

data

TO LO TO TO LO LO TO

(Raman) (IR) (Raman) (IR)

1 0.0 0.0

2 165.2 153 159 157 164 158

3 205.2 196 171 194 205 197

222

4 275.7 262 272 255 255 271 278 256

5 321.6 299 300 295 303 296 304 298

6 356.0 351 355 338 347 362 367 351

7 376.9 382 388.5

8 442.2 425 427 426 427

9 457.5 495 495 491 489 479 489.5 493

10 517.3 508 509 507 509.5 508 513.5 507

531

11 588.5 562

12 665.3 688 689 694 698.5

724 725 722 719 723 719.5 725

13 799.9 781 784 778 779 788 788.5 781

14 806.8 849 849

15 939.4

16 991.2 980 975 974 980.5 980

1034 1034 1027 1038 1031 1038 1034

1060

17 1179.6 1166 1167 1159 1154.5 1164 1170.5 1166

1300 1302 1296 1276 1280

1350d 1350d

18 1403.3

19 1453.8 1400 1390 1436

1550d 1550d

Figure 1 illustrates the complexity of the lithium
tetraborate and triborate phonon spectra that are due to
the complexity of their primitive cells. 156 (105) vibra-
tional modes for LTB (LBO) were found. Our calculation
shows that some band gaps are present. They separate
the high-energy bands from inner rigid vibrations of BO3

and BO4 complexes.
A symmetry analysis was performed by comparing the

basis functions of the irreducible representations with the
eigenvectors of each vibrational mode at the Γ point.
A1 symmetry modes at the Γ point and their comparison
with the experimental data for Li2B4O7 and LiB3O5 are
given in Tables 1 and 2. For briefness we have restricted
the comparison of theory and experiment to the A1 repre-
sentation. The agreement for the other symmetry modes
is similar.

As can be seen from Tables 1 and 2, good agree-
ment between most calculated and experimental vibra-
tional modes was obtained. It should be noticed here

that frequencies were not used as input data to deter-
mine the potential model. Some calculated frequencies,
however, are shifted with respect to the experimental re-
sults. This can be explained by the underlying harmonic
approximation, while most experimental results were ob-
tained at room temperature where anharmonic contri-
butions are non-negligible. The maximal difference be-
tween calculated and measured frequencies is 50 cm−1 for
the line at 1501 cm−1 of the LiB3O5 crystal. In general
the average deviation from experimental results is about
17 cm−1 for LiB3O5 and 18 cm−1 for Li2B4O7. This is
in the range of empirical calculations [28]. In both tables
there are a few other modes that are present in experi-
ment and absent in the calculated spectra. The analysis
of experimental spectra [20–23] show that the intensities of
these lines are small. Thus it is possible that the additional
modes in the experimental spectra are local defect vibra-
tions, polarons, or overtones as suggested in references [20]
and [24]. It is also possible that isotope effects play a role.
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Table 2. The A1 modes of LiB3O5 phonon spectra (cm−1).

N Calculated Exper. [21] N Calculated Exper. [21] N Calculated Exper. [21]

data data data

1 124 136.7 11 441 445 20 924 918.7

2 158 164 12 505 485 955

3 186 195 13 523 552.3 991.7

4 216 222 14 600 607.7 21 1036 1024

5 224 15 637 648.7 22 1042 1077

6 321 669 23 1209

7 346 343 16 712 737.5 24 1318 1343.3

8 396 17 742 763.3 25 1363 1361

9 403 18 803 1388.5

10 413 423.3 19 877 899.6 26 1501 1553

(a) (b)

Fig. 2. Phonon DOS of LiB3O5 crystals: (a) total VDOS; (b) projection of the total VDOS onto atomic species.

The natural isotope distribution of Li and B atoms are
6Li (7.4%) and 7Li (92.6%), and 10B (20%) and 11B (80%),
respectively. Therefore contributions from 6Li and 10B are
not negligible. They are not included in our calculations.

3.2 The vibrational VDOS and its projections

In Figures 2 and 3 the calculated VDOS of Li2B4O7

and LiB3O5 obtained by two different simulation meth-
ods are shown. Good agreement between the harmonic
approach (from lattice dynamics) and the Fourier trans-
form of the velocity autocorrelation function (from molec-
ular dynamics) is obtained for the total VDOS of LTB
and LBO crystals (Figs. 2a, 3a). These spectra are a first
investigation of VDOS for the lithium anhydrous borate
crystals. One can see that the projected DOS of Li2B4O7

and LiB3O5 show similar behavior.
The oxygen projections of the phonon density of states

show that the oxygen atoms are involved in all modes.
They have the highest contribution in the total VDOS
(Figs. 3b, 2b) which was expected from the stoichiom-
etry of the crystals. Note that for both LTB and LBO

the lithium PVDOS is restricted to the low-frequency re-
gion up to 600 cm−1 giving evidence that the Li-O bonds
are weak. Therefore, as for the similar Li-containing sys-
tems [29,30], lithium can easily diffuse in these crystals.
In the region up to 600 cm−1 also contributions of the
B1 and B2 PVDOS are present but the intensities are
three times smaller than for lithium.

The medium-frequency region (from 600 cm−1 to
1200 cm−1) mainly consists of projections of contributions
from Bi and O atoms. The B1 PVDOS dominates from
600 cm−1 to 780 cm−1, and the B2 PVDOS from 780 cm−1

to 1200 cm−1. The high-frequency region is dominated by
local vibrations of BO3 and BO4 complexes, with larger
contributions from the B1-O bonds than from B2-O bonds.

3.3 Heat capacity of Li2B4O7 and LiB3O5

The calculated specific heat capacities for both crystals
(using Eq. (5)) are shown in Figure 4. Only a small dif-
ference between calculated and experimental specific heat
capacity [31] is present for LTB crystals above 200 K. For
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(a) (b)

Fig. 3. Phonon DOS of Li2B4O7 crystals: (a) total VDOS; (b) projection of the total VDOS onto atomic species.

(a) (b)

Fig. 4. The specific heat capacity of LTB (a) and LBO (b) crystals.

LBO crystal we have excellent agreement between exper-
imental [32] and calculated results.

The experimentally measured heat capacity at con-
stant pressure, Cp, is related to Cv by the thermodynamic
relation [19]:

Cp(T ) = Cv(T ) + α2(T ) · T · B(T ) · V (T ), (6)

where α2(T ) is the thermal expansion coefficient, B(T )
is the bulk modulus and V (T ) is the molar volume at a
given temperature. Taking into account that thetraborate
and triborate of lithium have small changes of lattice pa-
rameters with temperature and the lattice vector c has an
abnormal temperature behaviour [26,33] we can assume
that B(T ) is small and changes a little with temperature
for both crystals.

4 Summary

In the present study, a classical approach was used
to describe the phonon properties of the Li2B4O7 and
LiB3O5 crystals. The investigation was based on our pre-
vious work where the potential model for single crystals of

the Li2O-B2O3 system was created. The phonon disper-
sion, vibrational density of state (total and its projections
on atomic species) and the specific heat capacity have been
calculated. The analysis of VDOS projections show that
BO interactions in BO3 are stronger than in BO4. The
weakness of the Li-O interaction is in accord with the
experimentally observed high mobility of Li ions. Good
agreement of the calculated heat capacity with available
experimental data has been obtained for both systems.

This work was supported by the Deutscher Akademischer
Austauschdienst. The author (V.V. Maslyuk) is grateful to
Prof. V.M. Rizak for suggesting the subject of studies,
to Dr. V.M. Holovey, Dr. K.Z. Rushchanskii for valuable
comments.
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